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UNIFORMLY EFFECTIVE BOUNDEDNESS OF
SHAFAREVICH CONJECTURE-TYPE FOR FAMILIES OF
CANONICALLY POLARIZED MANIFOLDS
GORDON HEIER
Abstract. The main result of this note is an effective uniform bound
for the number of deformation types of certain non-isotrivial families
of canonically polarized manifolds. It extends the author’s earlier such
bound for the classical Shafarevich Conjecture over function fields to
the case of higher dimensional fibers, but without the disadvantageous
iterated use of Chow or Hilbert varieties that was the core of the proofs
in the earlier approaches.
1. Introduction and statement of the effective result
1.1. The classical case. Let B be a smooth complex projective curve of
genus q ≥ 0. Let S ⊂ B be a finite subset of cardinality s. The following
statement was conjectured by Shafarevich and proven by Parshin ([Par68],
case S = ∅) and Arakelov ([Ara71]).
Theorem 1.1 ([Par68], [Ara71]). Let g ≥ 2 be an integer. Then there are
only a finite number of isomorphism classes of nonisotrivial minimal families
f : X → B of curves of genus g with X smooth such that f : X\f−1(S) →
B\S is a smooth family.
Recall that a family of varieties is called isotrivial if generic fibers are
isomorphic to each other.
In the article [Cap02], Caporaso proved that the number of nonisotriv-
ial families in Theorem 1.1 can be bounded by a uniform (but inherently
ineffective) constant depending only on (g, q, s).
Finally, the article [Hei04] proved an effective uniform bound for the num-
ber of nonisotrivial families in Theorem 1.1, again depending only on (g, q, s).
The effectivity is achieved by using Chow varieties instead of stable reduc-
tion and M¯g as in [Cap02]. For the exact statement, we refer to [Hei04,
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Theorem 1.2]. The following is a brief outline of the strategy of proof used
in [Hei04].
We assume q ≥ 2, because the remaining cases q = 0, 1 can simply be
handled by executing a degree 2 base change to a curve of genus 2.
Let f : X → B be one of the families under discussion. Since q ≥ 2,
X is a manifold of general type and there exist a finite number of rational
(−2)-curves Ci (i ∈ I) with
⋃
i∈I Ci ⊂ f
−1(S) such that, by a well-known
theorem of Bombieri, the 5-canonical map
ϕ|5KX | : X → P(H
0(X,OX (5KX))) =: P
mX
is an embedding on the complement of
⋃
i∈I Ci and contracts the Ci to
rational double point singularities. In [Par68, Proposition 2] it is stated that
mX ≤ 50 · 5
2(gq+ s) = 1250(gq+ s) =: m as a consequence of the Riemann-
Roch theorem. We can assume (after linear inclusions) that mX = m for all
families.
Since the degree of the divisor 5KX on the smooth fibers Xb is equal
to d := 5(2g − 2) (independently of b), there corresponds to every family
f : X → B a canonical morphism ψ0X : B\S → Chow1,d(P
m) given by
b 7→ [ϕ|5KX |(Xb)]. We follow the standard convention that Chow1,d(P
m)
denotes the Chow variety of 1-dimensional cycles of degree d in Pm. Since
B is a smooth curve and Chow1,d(P
m) is projective, there exists a unique
extension ψX : B → Chow1,d(P
m) that coincides with ψ0X on B\S.
Clearly, no two nonisomorphic families with the properties described in
Theorem 1.1 can correspond to the same isomorphism class of morphisms ψ :
B → Chow1,d(P
m). Thus, we are left with bounding the cardinality of the
set of isomorphism classes of such maps ψX , which is achieved by bounding
the degree of the graphs ΓψX ⊂ B × Chow1,d(P
m) and then applying a
rigidity argument to ΓψX in conjunction with an estimate on the complexity
of a certain Chow variety of cycles in B × Chow1,d(P
m). This finishes the
proof.
An undesirable feature of the proof outlined above is that it requires
considering Chow varieties twice in an iterated fashion (see the last sentence
of the sketch). This is similar to Parshin’s original boundedness proof and
disadvantageous in more than one way.
First of all, the numerical bound obtained in [Hei04] is rather large due to
this fact. Secondly, a generalization to the analogous situation with higher
dimensional fibers is met with numerous technical difficulties. The purpose
of this note is to treat the situation with higher dimensional fibers effectively
using a Chow variety only once. While the resulting good effective bound
should be interesting in its own right, one can take the point of view that
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the main achievement of this work is the introduction of a technique that
allows for the removal of the second use of a Chow variety.
1.2. The case of higher dimensional fibers. If the smooth fibers of
f in Theorem 1.1 are taken to be canonically polarized compact complex
manifolds instead of curves of genus at least 2, then there is no analogous
finiteness statement. The reason is the following. Take a nonisotrivial family
of curves f˜ : Y → B as above and a smooth complex projective curve C of
genus at least 2. Let f be the map
X = Y × C → B, (y, c) 7→ f˜(y).
This family of surfaces continues to be nonisotrivial, but it is not rigid, since
a deformation of C gives a deformation of f in the sense described below.
Here is the set-up which we will consider in this paper. Let B be a
smooth complex projective curve. We assume that its genus q is at least
2, because the cases q = 0, 1 can again be obtained easily by base change.
Let S ⊂ B be a finite subset of cardinality s. These choices are considered
arbitrary but fixed for the remainder of the paper. Let X be a projective
manifold of dimension n + 1. A nonisotrivial family f : X → B such that
f : X\f−1(S) → B\S is a smooth family of canonically polarized compact
complex manifolds is called admissible. Note that the condition of canonical
polarization is not usually included in the definition of admissibility, but
since all our admissible families will have canonically polarized fibers, we
include it nevertheless.
Definition 1.2. Let T,X be connected quasi-projective varieties. A de-
formation parametrized by T of the admissible family f : X → B is a
holomorphic map F : X → B × T such that F : F−1((B\S) × {t0}) →
(B\S) × {t0} is isomorphic to f : X\f
−1(S) → B\S for some t0 ∈ T and
F : F−1(B × {t})→ B × {t} is admissible for every t ∈ T .
Two admissible families f1 : X1 → B, f2 : X2 → B are said to be of the
same deformation type if there exist T,X as above and F , a deformation
parametrized by T of f1, such that F : F
−1((B\S)× {t2})→ (B\S)× {t2}
is isomorphic to f2 : X2\f
−1
2 (S)→ B\S for some t2 ∈ T .
As for the history of our problem, recall that Bedulev and Viehweg proved
the following in [BV00] under the assumption that the Minimal Model Con-
jecture holds. Let f : X → B be an admissible family such that one (and
therefore every) smooth fiber has Hilbert polynomial h. Then the number
of deformation types of admissible families over B whose smooth fibers also
have Hilbert polynomial h is finite. Kova´cs and Lieblich [KL09] then showed
that this number can uniformly, but ineffectively, be bounded by a constant
depending only on q (the genus of B), s (the cardinality of S) and h.
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The following Theorem is the main result of this note. The constant
m is defined in Definition 2.2. The square brackets indicate moving self-
intersection numbers (see [Laz04, Definition 11.4.10]). We need to resort to
moving self-intersection numbers because we are not making any positivity
assumption on the canonical divisor KX aside from the automatic bigness
due to the subadditivity theorem of Kawamata [Kaw82] (see also [Kol87]
and [Vie83]) and the positivity coming from the nonisotriviality. Moreover,
for the remainder of the paper, we choose a fixed base point b0 ∈ B\S
and let F denote the fiber Xb0 . It is well-known that it follows from the
Riemann-Roch theorem that the divisor LB = (2q+1)b0 on B is very ample.
Theorem 1.3. The number of deformation types of admissible families f :
X → B with the numerical value of (mKX +
m
2 (q+1)F )
[n+1]+n no greater
than pmax and the numerical value of (mKX + (
m
2 (q + 1) + 2q + 1)F )
[n+1]
equal to d is no more than the integer in expression (1) on page 9.
Remark 1.4. When KX is nef, the effective bound in expression (1) can be
estimated from above in terms of (Kn+1X ,K
n
F , n, q) as explained in Remark
2.6 and Lemma 2.7. It would then clearly be desirable to bound Kn+1X
in terms of (KnF , n, q, s). In the case of 1-dimensional fibers, this is done
in [Par68, Proposition 1]. However, in the higher dimensional situation, it
does not seem to be known how to accomplish this.
2. Proof of Theorem 1.3
Recall the following effective statement for pluricanonical embeddings
from [Hei02, Corollary 4.2].
Lemma 2.1. If F is a compact complex manifold of complex dimension
η whose canonical divisor KF is ample, then mKF is very ample for any
integer m ≥ (e+ 12)η
7
3 + 12η
5
3 + (e + 12)η
4
3 + 3η + 12η
2
3 + 5, where e ≈ 2.718
is Euler’s constant.
Definition 2.2. From now on, let m be the round-up of the constant from
Lemma 2.1 for η = n. If m is odd, we increase it by one to make it even.
The following Lemma will allow us to use Lemma 2.1 on the fibers of an
admissible family in order to get an embedding of X\f−1(S) into projective
space with effective control.
Lemma 2.3. Fix an admissible family f : X → B. Let s0, . . . , sk be a
basis for H0(B,OB(LB)). Let σ˜0, . . . , σ˜p˜ be a basis for H
0(F,OF (mKF )).
Then there is a finite subset S˜ ⊂ B\S such that the sections σ˜0, . . . , σ˜p˜ can
be extended to elements of H0(X,OX (mKX +
m
2 (q + 1)F )) (denoted by the
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same symbols) in such a way that the sections
τ˜0,0 = (f
∗s0)σ˜0, . . . , τ˜k,0 = (f
∗sk)σ˜0, . . . ,
τ˜0,p˜ = (f
∗s0)σ˜p˜, . . . , τ˜k,p˜ = (f
∗sk)σ˜p˜ ∈
H0(X,OX (mKX + (
m
2 (q + 1) + 2q + 1)F ))
yield an embedding of X\f−1(S ∪ S˜) into P(k+1)(p˜+1)−1 (with homogeneous
coordinates [X0,0, . . . ,Xk,0, . . . ,X0,p˜, . . . ,Xk,p˜]).
Proof. Since f is nonisotrivial, the locally free sheaf f∗OX(mKX) is ample
on B (see, e.g., [Vie01, Proposition 4.6]). Moreover, from Siu’s invariance
of plurigenera [Siu98], it follows that h0(Xb,OXb(mKXb)) is constant for
b ∈ B\S. Then [Kov02, Lemma 7.6] yields that KX is ample with respect
to X\f−1(S).
We now apply Takayama’s extension theorem [Tak06, Theorem 4.1],
which is in turn based on work of Siu [Siu02]. We refer the reader
to [Tak06, Theorem 4.1] for the precise statement and simply note that
Takayama’s divisor L is KX + qF in our situation, and S is F . Accord-
ing to the extension theorem, the sections σ˜0, . . . , σ˜p˜ extend to elements of
H0(X,OX (mKX +
m
2 (q + 1)F )).
Lemma 2.1 tells us that the extended sections σ˜j (j = 0, . . . , p˜) yield
an embedding of all smooth fibers Xb where b is not in a finite subset S˜.
Namely, we can take this finite subset S˜ to be the locus of points b where
the fiber Xb is smooth, but σ˜0|Xb , . . . , σ˜p˜|Xb are not linearly independent.
Since LB is very ample, and by the properties of the Segre embedding,
it is now clear that the τ˜i,j yield an embedding of X\f
−1(S ∪ S˜) into
P
(k+1)(p˜+1)−1. 
Lemma 2.3 implies the following Proposition, which is obtained by
replacing the extended sections σ˜0, . . . , σ˜p˜ with a basis σ0, . . . , σp for
H0(X,OX (mKX +
m
2 (q + 1)F )). This replacement allows us to remove the
set S˜ in the statement. The proof consists of applying Takayama’s extension
theorem to each fiberXb with b ∈ S˜ with L = KX+(q+1)F−Xb. The point
of inserting the factor (q + 1) is to make sure that (q + 1)F −Xb is linearly
equivalent to a nef effective divisor on X. This particular choice of L guar-
antees that the extended sections are all in H0(X,OX (mKX +
m
2 (q+1)F )),
independently of b ∈ S˜.
Proposition 2.4. Fix an admissible family f : X → B. Let s0, . . . , sk be a
basis for H0(B,OB(LB)). Let σ0, . . . , σp be a basis for H
0(X,OX (mKX +
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m
2 (q + 1)F )). Then the sections
τ0,0 = (f
∗s0)σ0, . . . , τk,0 = (f
∗sk)σ0, . . . ,
τ0,p = (f
∗s0)σp, . . . , τk,p = (f
∗sk)σp ∈
H0(X,OX (mKX + (
m
2 (q + 1) + 2q + 1)F ))
yield an embedding of X\f−1(S) into P(k+1)(p+1)−1 (with homogeneous co-
ordinates [X0,0, . . . ,Xk,0, . . . ,X0,p, . . . ,Xk,p]).
We will denote this embedding by ϕ1. By the Riemann-Roch theorem,
we have that
k = h0(B,OB(LB))− 1 = q + 1.
The following Proposition will give an upper bound for p =
h0(X,OX (mKX +
m
2 (q+1)F ))−1. The corresponding case of a very ample
divisor was treated in [Hei05, Proposition 1.6]. Similar arguments already
appeared in [Mat72] and [LM75]. The square brackets again indicate moving
self-intersection numbers (see [Laz04, Definition 11.4.10]).
Proposition 2.5. Let X be an n-dimensional compact complex manifold
and L a big divisor on X such that the linear series |L| induces a birational
map from X to projective space. Then
h0(X,L) ≤ L[n] + n.
Proof. We proceed by induction on the dimension, with the case n = 1
following immediately from the Riemann-Roch theorem.
Let the effective divisor D be a general element of the linear series |L|.
By [Har95, Proposition 18.10], D is irreducible. It follows from the standard
short exact sequence
0→ OX → OX(L)→ OD(L)→ 0
that
h0(X,OX (L)) ≤ h
0(X,OX ) + h
0(D,OD(L)).
Let ν : D′ → D be a desingularization of D. Simply by pulling back sections,
we have
h0(D,OD(L)) ≤ h
0(D′, ν∗OD(L)).
By applying the induction hypothesis to D′, we can furthermore conclude
that
h0(D′, ν∗OD(L)) ≤ (ν
∗(L ∩D))[n−1] + (n− 1) = L[n] + (n− 1).
Since h0(X,OX ) = 1, this proves the Proposition. 
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Due to Proposition 2.5, and possibly after a linear inclusion, we can and
do assume from now on that p is actually equal to its largest possible value
pmax.
Remark 2.6. When KX is nef, pmax in Theorem 1.3 can be replaced by an
explicit bound in terms of (Kn+1X ,K
n
F , n, q) obtained as follows: According
to Kolla´r’s effective base point freeness theorem [Kol93, Theorem 1.1], m˜KX
is base point free for
m˜ := 2(n + 3)!(n + 3).
Now both m˜KX and
m˜
2 (q + 1)F are base point free, and the moving self-
intersection number of their sum is just the usual one. Consequently,
(mKX +
m
2 (q + 1)F )
[n+1] + n
≤ (m˜KX +
m˜
2 (q + 1)F )
[n+1] + n
= (m˜KX +
m˜
2 (q + 1)F )
n+1 + n
= m˜n+1Kn+1X +
1
2m˜
n+1(q + 1)(n + 1)KnX .F + n
= m˜n+1Kn+1X +
1
2m˜
n+1(q + 1)(n + 1)KnF + n.
The following upper bound on the degree of the closure of the image of
X\f−1(S) under ϕ1 is also crucial for our effective argument.
Lemma 2.7. The degree of ϕ1(X\f−1(S)), i.e., the closure of the image of
X\f−1(S) under ϕ1, is
d := (mKX + (
m
2 (q + 1) + 2q + 1)F )
[n+1].
When KX is nef, we have the following upper bound:
d ≤ m˜n+1Kn+1X + m˜
n(n+ 1)
(
m˜
2 (q + 1) + 2q + 1
)
KnF .
Proof. It follows straight from the definition of moving self-intersection num-
bers that the degree of ϕ1(X\f−1(S)) is
(mKX + (
m
2 (q + 1) + 2q + 1)F )
[n+1].
With the same argument concerning effective base point freeness as above,
this can be estimated as claimed in the Lemma. 
Let ϕ2 be the embedding of B into P
k given by the sections s0, . . . , sk of
OB(LB). There is a commutative diagram
X\({σ0 = 0} ∪ f
−1(S))
ι
−−−−→ X\f−1(S)
ϕ1
−−−−→ P(k+1)(pmax+1)−1
f
y fy piy
B\S
=
−−−−→ B\S
ϕ2|B\S
−−−−→ Pk
.
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Here, ι denotes the inclusion map and pi : P(k+1)(pmax+1)−1 → Pk the rational
projection map onto the first k + 1 homogeneous coordinates, which are
X0,0, . . . Xk,0.
Lemma 2.8. The restricted map
pi : ϕ1(X\({σ0 = 0} ∪ f
−1(S)))→ ϕ2(B\S)
is holomorphic and can be extended to a holomorphic map
pi : ϕ1(X\f
−1(S))→ ϕ2(B\S)
such that the diagram
X\f−1(S)
ϕ1
−−−−→ ϕ1(X\f
−1(S))
f
y piy
B\S
ϕ2
−−−−→ ϕ2(B\S)
is a commutative diagram of holomorphic maps. In fact, the diagram is an
isomorphism of families.
Proof. The map
pi : ϕ1(X\({σ0 = 0} ∪ f
−1(S)))→ ϕ2(B\S)
is clearly holomorphic by construction. Let x ∈ X\f−1(S) be such that
σ0(x) = 0. Then let pi(ϕ1(x)) = ϕ2(f(x)). All remaining claims are obvious.

We now turn to the key argument that makes the second use of a Chow (or
Hilbert) variety, which was the core of the proofs in the earlier approaches,
unnecessary.
The degree of ϕ2(B) in P
k is equal to dB := 2q+1. It is well-known (and
easy to establish by using general linear projections) that there is a finite
set of homogeneous polynomials of degree dB , denoted {fα(X0, . . . ,Xk)}α,
such that
ϕ2(B) =
⋂
α
{fα = 0}.
We now lift the fα(X0, . . . ,Xk) to homogeneous polynomials
f˜α(X0,0, . . . ,Xk,0, . . . ,X0,pmax , . . . ,Xk,pmax) by letting
f˜α(X0,0, . . . ,Xk,0, . . . ,X0,pmax , . . . ,Xk,pmax) = fα(X0,0, . . . ,Xk,0).
The set {f˜α}α defines a subvariety W of P
(k+1)(pmax+1)−1, which is simply
pi−1(ϕ2(B)).
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Let Chowκ,δ(W ) be the Chow variety of κ-dimensional subvarieties of W
of degree δ. Let Chow′κ,δ(W ) denote the union of those irreducible com-
ponents of Chowκ,δ(W ) whose general points represent irreducible cycles.
Since
Z := ϕ1(X\f−1(S)) ⊂W,
Z corresponds to a point in Chow′n+1,d(W ), which we will denote [Z]. Recall
that the value of d = deg(Z) was determined in Lemma 2.7.
In [Gue99] the following Proposition is proven based on an argument from
[Kol96].
Proposition 2.9. Let W ⊂ PN be a projective variety defined by equations
of degree no more than δ1. Then the number of irreducible components of
Chow′κ,δ2(W ) is no more than(
(N + 1)max{δ1, δ2}
N
)(N+1)(δ2(δ2+κ−1κ )+(δ2+κ−1κ−1 ))
.
When we apply Proposition 2.9 to our situation, we find that dB = δ1 ≤
δ2 = d. Therefore, if we let N = (k + 1)(pmax + 1) − 1, the number of
irreducible components of Chow′n+1,d(W ) is no more than
(1)
(
(N + 1)d
N
)(N+1)(d(d+n
n+1)+(
d+n
n
))
.
The proof of Theorem 1.3 will therefore be finished once we have proven the
following Proposition.
Proposition 2.10. The number of irreducible components of
Chow′n+1,d(W ) is an upper bound for the number of deformation types in
Theorem 1.3.
Proof. Let f : X → B be an admissible family. The same arguments as
in the proof of Lemma 2.8 show that there is a commutative diagram of
holomorphic maps as follows:
X\f−1(S)
ϕ1
−−−−→ ϕ1(X\f
−1(S))
incl.
−−−−→ ϕ1(X\f−1(S)) = Z
f
y pi
y pi
y
B\S
ϕ2|B\S
−−−−→ ϕ2(B\S)
incl.
−−−−→ ϕ2(B)
.
There is a Zariski-open neighborhood U of [Z] in a component of
Chow′n+1,d(W ) that contains [Z] such that for every point [V ] ∈ U , the ratio-
nal map pi : PN → Pk induces a holomorphic surjective map pi : V → ϕ2(B).
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We define G′ : Y ′ → ϕ2(B)× U , where Y
′ ⊂ W × U is the universal family
over U , to be the natural map induced by pi and the second projection.
Let
Y =
{
(w, u) ∈ Y ′|pi(w) 6∈ ϕ2(S)
}
,
and let G : Y → ϕ2(B\S) × U be the restriction of G
′. Due to the generic
flatness theorem [Gro64, 6.9.1] and the openness of the projection, the map
pr2 : Y → U , possibly after shrinking U to a smaller Zariski-open subset, is
smooth.
On the other hand, since ϕ2(B\S) is a smooth curve, it follows from
[Mum66, Lecture 6, Proposition 6] that pr1 ◦ G is flat. Consequently, by
[Gro64, 2.1.4, 2.1.7] G is flat and, possibly after further shrinking of U ,
smooth.
We can now finish the proof of the Proposition as follows. Take any
two admissible families f1, f2 that give rise to the same component of
Chow′n+1,d(W ) and respectively yield the above data (distinguished by an
index). Let T = U1 ∪ U2. Let
X =
(
Y ′1 ∩ (W × U1)
)
∪
(
Y ′2 ∩ (W × U2)
)
.
Let
F : X → ϕ2(B)× T
be the obvious map induced by G′1 and G
′
2. Then f1, f2 are of the same
deformation type due to F , which is a deformation parametrized by T that
connects f1 and f2. 
3. The improved bound for the classical case
For the classical rigid case (with q ≥ 2) as discussed in Subsection 1.1,
Theorem 1.3 yields the following Corollary, which significantly improves
[Hei04, Theorem 1.2]. Note that the set of families that is bounded in
Corollary 3.1 is smaller than the set of families in [Hei04, Theorem 1.2].
However, it is merely a trivial exercise to recover a bound for the same set
as in [Hei04, Theorem 1.2] from Corollary 3.1 by summing over the possible
values of K2X ranging from 1 to 48g(2g + 2q + s). This upper bound of K
2
X
can be found in [Par68, Proposition 1].
Corollary 3.1. The number of isomorphism classes of admissible minimal
families f : X → B of curves of genus g ≥ 2 with fixed numerical invariant
K2X is at most (
(N1 + 1)d1
N1
)(N1+1)(d1(d1+12 )+d1+1)
,
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where
d1 = 3456g
2 + 3576gq + 1728gs − 120q + 96g − 96,
and
N1 = (q + 2)(3456g
2 + 3528gq + 1728gs − 72q + 72g − 70)− 1.
Proof. In order to prove the Corollary, we simply have to bound the con-
stants appearing in (1). Note that the minimality assumption in the Corol-
lary implies that KX is nef.
Since 3KF is very ample for 1-dimensional fibers and due to Bombieri’s
theorem mentioned in the Introduction, there is no need to use the effective
base point freeness theorem, and we can simply let m˜ = 6. According to
Lemma 2.7, d can be estimated from above by
36K2X + 24(5q + 4)(g − 1) = 36K
2
X + 24(5gq − 5q + 4g − 4).
It is known (see [Par68, Proposition 1]) that K2X ≤ 48g(2g + 2q + s), so
d ≤ 3456g2 + 3576gq + 1728gs − 120q + 96g − 96 =: d1.
Moreover, by the Riemann-Roch theorem,
k = h0(B,OB(LB))− 1 = q + 1,
and, by Remark 2.6, pmax can be replaced by
36K2X + 72(q + 1)(g − 1) + 1 ≤ 3456g
2 + 3528gq + 1728gs − 72q + 72g − 71.
Therefore,
N = (k + 1)(pmax + 1)− 1
≤ (q + 2)(3456g2 + 3528gq + 1728gs − 72q + 72g − 70) − 1 =: N1.

References
[Ara71] S. Ju. Arakelov. Families of algebraic curves with fixed degeneracies. Izv. Akad.
Nauk SSSR Ser. Mat., 35:1269–1293, 1971.
[BV00] E. Bedulev and E. Viehweg. On the Shafarevich conjecture for surfaces of general
type over function fields. Invent. Math., 139(3):603–615, 2000.
[Cap02] L. Caporaso. On certain uniformity properties of curves over function fields.
Compositio Math., 130(1):1–19, 2002.
[Gro64] A. Grothendieck. E´le´ments de ge´ome´trie alge´brique. IV. E´tude locale des
sche´mas et des morphismes de sche´mas. I,II,III,IV. Inst. Hautes E´tudes Sci.
Publ. Math., (20):259, 1964.
[Gue99] L. Guerra. Complexity of Chow varieties and number of morphisms on surfaces
of general type. Manuscripta Math., 98(1):1–8, 1999.
[Har95] J. Harris. Algebraic geometry, volume 133 of Graduate Texts in Mathematics.
Springer-Verlag, New York, 1995. A first course, Corrected reprint of the 1992
original.
[Hei02] G. Heier. Effective freeness of adjoint line bundles. Doc. Math., 7:31–42, 2002.
12 GORDON HEIER
[Hei04] G. Heier. Uniformly effective Shafarevich Conjecture on families of hyperbolic
curves over a curve with prescribed degeneracy locus. J. Math. Pures Appl. (9),
83(7):845–867, 2004.
[Hei05] G. Heier. Effective finiteness theorems for maps between canonically polarized
compact complex manifolds. Math. Nachr., 278(1-2):133–140, 2005.
[Kaw82] Y. Kawamata. Kodaira dimension of algebraic fiber spaces over curves. Invent.
Math., 66(1):57–71, 1982.
[KL09] S. Kova´cs and M. Lieblich. Boundedness of families of canonically polarized
manifolds: A higher dimensional analogue of Shafarevich’s conjecture. Ann. of
Math. (2), 2009. To appear; arXiv:math.AG/0611672v2.
[Kol87] J. Kolla´r. Subadditivity of the Kodaira dimension: fibers of general type. In
Algebraic geometry, Sendai, 1985, volume 10 of Adv. Stud. Pure Math., pages
361–398. North-Holland, Amsterdam, 1987.
[Kol93] J. Kolla´r. Effective base point freeness. Math. Ann., 296(4):595–605, 1993.
[Kol96] J. Kolla´r. Rational curves on algebraic varieties. Springer-Verlag, Berlin, 1996.
[Kov02] S. Kova´cs. Logarithmic vanishing theorems and Arakelov-Parshin boundedness
for singular varieties. Compositio Math., 131(3):291–317, 2002.
[Laz04] R. Lazarsfeld. Positivity in algebraic geometry. II, volume 49 of Ergebnisse der
Mathematik und ihrer Grenzgebiete. 3. Folge. A Series of Modern Surveys in
Mathematics. Springer-Verlag, Berlin, 2004. Positivity for vector bundles, and
multiplier ideals.
[LM75] D. Lieberman and D. Mumford. Matsusaka’s big theorem. In Algebraic geome-
try (Proc. Sympos. Pure Math., Vol. 29, Humboldt State Univ., Arcata, Calif.,
1974), pages 513–530. Amer. Math. Soc., Providence, R.I., 1975.
[Mat72] T. Matsusaka. Polarized varieties with a given Hilbert polynomial. Amer. J.
Math., 94:1027–1077, 1972.
[Mum66] D. Mumford. Lectures on curves on an algebraic surface. With a section by
G. M. Bergman. Annals of Mathematics Studies, No. 59. Princeton University
Press, Princeton, N.J., 1966.
[Par68] A. N. Parsˇin. Algebraic curves over function fields. I. Izv. Akad. Nauk SSSR Ser.
Mat., 32:1191–1219, 1968.
[Siu98] Y.-T. Siu. Invariance of plurigenera. Invent. Math., 134(3):661–673, 1998.
[Siu02] Y.-T. Siu. Extension of twisted pluricanonical sections with plurisubharmonic
weight and invariance of semipositively twisted plurigenera for manifolds not
necessarily of general type. In Complex geometry (Go¨ttingen, 2000), pages 223–
277. Springer, Berlin, 2002.
[Tak06] S. Takayama. Pluricanonical systems on algebraic varieties of general type. In-
vent. Math., 165(3):551–587, 2006.
[Vie83] E. Viehweg. Weak positivity and the additivity of the Kodaira dimension. II. The
local Torelli map. In Classification of algebraic and analytic manifolds (Katata,
1982), volume 39 of Progr. Math., pages 567–589. Birkha¨user Boston, Boston,
MA, 1983.
[Vie01] E. Viehweg. Positivity of direct image sheaves and applications to families of
higher dimensional manifolds. In School on Vanishing Theorems and Effective
Results in Algebraic Geometry (Trieste, 2000), volume 6 of ICTP Lect. Notes,
pages 249–284. Abdus Salam Int. Cent. Theoret. Phys., Trieste, 2001.
Department of Mathematics, University of Houston, 4800 Calhoun Road,
Houston, TX 77204, USA
E-mail address: heier@math.uh.edu
